A Banach space E is c 0 -saturated if every closed infinite dimensional subspace of E contains an isomorph of c 0 . A c 0 -saturated Banach space with an unconditional basis which has a quotient space isomorphic to ℓ 2 is constructed.
1 Definition of the space E and simple properties It is easy to see that V is a convex solid subset of G such that ∩ λ>0 λV = {0}.
Hence the gauge functional τ of V is a lattice norm on G. Let E be the completion of G with respect to the norm τ . It is clear that E has an unconditional basis.
Proof: Let y = m i=1 y i ∈ A, where y 1 , . . . , y m ∈ U are pairwise row disjoint and
Since y 1 , . . . , y m ∈ U are pairwise row disjoint,
The result now follows easily since V = co(A). 2
Proposition 2 E has a quotient space isomorphic to ℓ 2 .
Proof: This is equivalent to showing that
We will show that the sequence (z i ) in G ′ is equivalent to the ℓ 2 -basis. Let (b i ) be a finitely supported sequence on the unit sphere of ℓ 2 . For any x ∈ V ,
On the other hand, we claim that
Let y ∈ G be given by
Then |y| = x m ∈ U, and hence y ∈ V . Therefore,
Let us try to provide some motivation behind the particular construction of the set V . First off, we want to fix things so that the sequence (z i ) as given in Proposition 2 is equivalent to the ℓ 2 -basis. This has to be done without introducing any sequence biorthogonal to (z i ) whose linear combinations can be "normed" by vectors in span{z i }.
Thus we settled on using the set {x b : b ∈ B} to "norm" the vectors in span{z i }. This puts all the elements of the set U into the unit ball of the space E we are trying to construct. (The word "solid" is needed since we want a space with an unconditional basis.) To try to obtain c 0 -saturation, we admit into the unit ball of E some elements of the form y 1 + · · · + y m , where y 1 , . . . , y m ∈ U are pairwise row disjoint. However, to keep the equivalence of (z i ) to the ℓ 2 -basis, the elements admitted must have uniformly bounded ρ-norms. The ℓ p,∞ -norm (which appears in the definition of the set A) is chosen because it majorizes the ℓ 2 -norm, and the closed subspace of ℓ p,∞ generated by the unit vector basis is c 0 -saturated.
Proof that E is c 0 -saturated
Let k ∈ N I , a collection of real sequences is k-disjoint if the pointwise product of any k + 1 members of the collection is the zero sequence; equivalently, if at most k of the sequences can be non-zero at any fixed coordinate. We begin with some elementary lemmas.
Lemma 4 For any k, n ∈ N I , and any k-disjoint subset {x 1 , . . . , x n } of the unit ball of
Proof:
by Lemma 3
Proof: First of all, for any δ > ǫ, one can find z ∈ co{x b : b ∈ B} such that |x| ≤ z and z ∞ < δ. By a small perturbation, it may even be assumed that z is a convex combination with rational coefficients. Then, z can be expressed in the form z =
by Lemma 4. It remains to observe that the leftmost quantity in the above equation is precisely ρ(z), and δ > ǫ is arbitrary. 2
The next lemma is a quantitative version of the fact that the unit vector basis of ℓ p,∞ generates a c 0 -saturated closed subspace.
Lemma 6 Let (a i ) be a real sequence, and 0 = n 0 < n 1 < . . . a sequence of integers so that 1. (a n k +1 , . . . , a n k+1 ) p,∞ ≤ 1, and
Proof: Assume the contrary. Then there exists n such that a *
Consequently, (a n k +1 , . . . , a n k+1 ) p,
To prove that E is c 0 -saturated, it suffices to show that every pairwise row disjoint sequence (y i ) ⊆ V which satisfies y i ∞ → 0 has a subsequence (y i k ) with the property sup n τ ( 
Hence |A i | ≤ δ −p for all i. Let r be the greatest integer ≤ δ −p . Relabeling, we may assume that each A i is an initial interval {1, . . . , r i }, where r i ≤ r. Define v l = j i=1 α i y i (l), 1 ≤ l ≤ r, and let v = r l=1 v l . Then v l ∈ U, and v l ∞ ≤ y ∞ ≤ ǫ for all l. By the Main Lemma, we obtain
The promised result is now immediate. 
Proof of the Main Lemma
In this section, we prove the Main Lemma. In fact, we will show that if x ∈ U satisfies
A. The basic idea is as follows. Given such a x, Lemma 5 says that ρ(x) ≤ √ ǫ. Let n be any natural number ≤ 5 p ǫ −p/4 . Then if x is written as
What we need to show is that the x i 's can be chosen so that they come from a small multiple (5ǫ 1/4 ) of U. The proof of the next Lemma is left to the reader.
For a real-valued matrix a = (a i,j ) k l i=1j=1 , we define Σ(a) = i,j a i,j , and, for each j, s j (a) = min{i : a i,j = 0} (min ∅ = 0).
2.
(i,j)∈Rm 
Now let the matrix a be as given. Since all the conditions are invariant with respect to permutations of the entries of a within columns, we may assume that a i,j ≥ a i+1,j . Let
Therefore, there must be a t < 2M such that a t+1 is not reducible. Now let
It is clear that the collection R 1 , . . . , R n satisfies the requirements. 2
Proof of the Main Lemma: Since x ∈ U already implies τ (x) ≤ 1, we may assume ǫ < 1. As in the proof of Lemma 5, it suffices to prove the Main Lemma for those x's which have the form 
Since we are assuming that ǫ < 1, η is positive and ≤ ǫ 1/4 .
Choose the smallest integer j 1 such that
With M replaced by (η + ǫ)M, apply Lemma 12 to each submatrix Therefore, x ∈ 5ǫ 1/4 A, so τ (x) ≤ 5ǫ 1/4 , as required. 2
Remark Let (e i ) be an unconditional basis of a Banach space F . If (e i ) has the property ( * ) every normalized block basis (
i=j k +1 a i e i ) of (e i ) such that a i → 0 has a subsequence equivalent to the c 0 -basis, then F is c 0 -saturated. Since the unit vector basis of the space E has property ( * ), we see that it alone is not enough to insure that F ′ is ℓ 1 -saturated. However, the following proposition is easy to obtain.
Proposition 13
Let (e i ) be an unconditional basis of a Banach space F . If (e i ) has property ( * ), and i∈A k e i → ∞ whenever (A k ) is a sequence of subsets of N I such that max A k < min A k+1 and |A k | → ∞, then F ′ is ℓ 1 -saturated.
